This paper is concerned with the robust stabilization problem for a class of continuous-time hybrid uncertain stochastic systems with time-varying delay. Our attention is focused on the design of a feedback controller based on discrete-time state observations such that, for all admissible uncertainties, the closed-loop system is robustly exponentially stable in the mean square, independent of the time delay. By employing the Razumikhin technique, sufficient conditions are firstly established to guarantee the existence of the desired robust controller; they are given in terms of linear matrix inequalities (LMIs). It should be pointed out that in this paper the time-varying delay is just required to be a bounded function rather than a bounded differentiable one as in most existing results. The developed theory is illustrated by a numerical example.
Introduction
As an important class of hybrid systems, hybrid stochastic differential equations (SDEs) (also known as SDEs with Markovian switching) have been widely employed to model many practical systems that have variable structures subject to random abrupt changes, which may result from abrupt phenomena such as random failures and repairs of components, sudden environment changes, etc. One of the important issues in the study of hybrid SDEs is the automatic control, with subsequent emphasis being placed on the analysis of stability. A great number of significant results on this subject have been reported in the literature; see, for instance, [-] and the references therein. In particular, we refer the reader to the book [] .
It is well known that parameter uncertainties exist inevitably in various dynamic systems due to modeling and measurement errors etc. And also, many practical systems, such as aircraft systems, chemical process systems and electrical networks systems, frequently encounter time delays. These often have an unstable effect and lead to undesirable dynamic behaviors of control systems. Therefore, the problem of stability analysis for uncertain time-delay systems has developed into a hot topic, and a huge number of papers have appeared. For example, Wang et al. [] presented several sufficient conditions, delay-independent or delay-dependent, that guarantee the robust stability of uncertain time-delay systems subjected to parametric perturbations. In [] , the problem of robust stability of uncertain systems with interval time-varying delay was considered by constructing a Lyapunov functional with uncorrelated augmented matrix items and a tighter bounding technology. As for the stochastic case, Mao [] investigated the exponential stability for a class of linear stochastic delay interval systems with Markovian switching. Improved delay-dependent stability criteria for uncertain stochastic dynamic systems with time-varying delays were proposed in [] . We further refer the reader to [, , -] and the references therein. It is noted that most of the existing results on the stability of uncertain (hybrid stochastic) delay systems require the time delay to be a constant or a differentiable function whose derivative is bounded by a positive constant less than , and this is very restrictive.
When a system is unstable, we usually need to design controllers to stabilize the original system. A class of controllers commonly used are feedback controllers with or without delays. Wang et al. in [] designed a state feedback controller to stabilize bilinear uncertain time-delay stochastic systems with Markovian jumping parameters in the mean-square sense. The almost surely exponential stabilization problem of hybrid stochastic differential equations by stochastic feedback controllers was investigated in [] . A robust delayedstate-feedback controller that exponentially stabilized uncertain stochastic delay systems was proposed in [] . It is observed that most of the pioneering works on the stabilization problem of stochastic systems often employed a regular feedback control which requires continuous observations of the state. This is expensive and sometimes not possible as the observations are often of discrete time in practice. In , Mao [] initiated the study of the mean-square exponential stabilization of continuous-time hybrid stochastic differential equations by feedback controls based on discrete-time state observations, which cost less and are more realistic. Shortly after, Mao et al. in [] provided us with a better bound on the duration between two consecutive state observations, while You et al.
[] removed the global Lipschitz assumption on coefficients and further investigated the asymptotic stabilization of nonlinear hybrid stochastic systems. Furthermore, taking the parameter uncertainties into account, You et al.
[] discussed the robust discrete-statefeedback stabilization of hybrid uncertain stochastic systems, and Li et al. [] , going a step further, studied the robust stabilization of uncertain stochastic systems with Markovian switching by feedback control based on discrete-time state and mode observations. However, to the best knowledge of the authors, little work has been done for robust stabilization of hybrid uncertain stochastic systems with time-varying delay by discrete-time feedback control.
Motivated by the above situation, we will investigate the robust discrete-state-feedback stabilization for a class of hybrid uncertain stochastic systems with time-varying delay. It should be pointed out that this work is challenging because, in order to overcome the difficulties arisen from the delay term x(t -δ(t)), we must find an efficient method that is different from those in [-]. If we use a similar method like that in [, ], we will have to estimate the differences between x(t) and x(η(t)), x(t) and x(t -δ(t)) as well as x(η(t)) and x(t -δ(t)), which is very complicated, and the estimation bounds are dependent on the delay term such that it becomes very difficult to achieve our goal. In case the Lyapunov functional method is adopted, firstly it is very difficult to construct an appropri-ate Lyapunov functional; on the other hand, the time-varying delay is generally required to be a bounded differentiable function, which is restrictive. Fortunately, we come up with the Razumikhin technique, by which not only the robust stabilization problem for hybrid uncertain stochastic systems with time-varying delay will be settled, but also the restriction that the time-varying delay should be differentiable as in most existing results will be removed. The rest of this article is arranged as follows. Section  recalls some notations, related definition and some useful lemmas and states the subject to be studied. The main results are presented in Section . Section  covers a numerical example to demonstrate the main results. Finally, the article is concluded in Section .
Preliminaries and problem statement
Throughout this paper, we use the following notations. For x ∈ R n , |x| denotes its Euclidean norm. If A is a vector or matrix, its transpose is denoted by A T . For a matrix A, we let |A| = trace(A T A) be its trace norm and A = max{|Ax| : |x| = } be the operator norm.
If A is a symmetric matrix (A = A T ), denote by λ min (A) and λ max (A) its smallest and largest eigenvalues, respectively. For two symmetric matrices A and B, A > (<, ≥, ≤)B means that A -B is positive definite (negative definite, positive semidefinite, negative semidefinite). The integer part of a real number x will be denoted by [x] . If both a, b are real numbers, then a ∨ b = max{a, b} and a ∧ b = min{a, b}. Let ( , F, {F t } t≥ , P) be a complete probability space with a filtration {F t } t≥ satisfying the usual conditions (i.e., it is increasing and right-continuous with F  containing all P-null sets). Let w(t) = (w  (t), . . . , w m (t))
T be an m-dimensional Brownian motion defined on the probability space. L  ( ; R n ) stands for the family of all R n -valued ran- 
where >  and γ ij ≥  is the transition rate from i to j if i = j, while γ ii = -j =i γ ij . We assume that the Markov chain r(·) is independent of the Brownian motion w(·). It is known that almost all sample paths of r(t) are constant except for a finite number of simple jumps in any finite subinterval of R + := [, ∞). We stress that almost all sample paths of r(t) are right-continuous. Let us consider the following controlled hybrid uncertain stochastic system with timevarying delay:
dx(t) = A r(t) + A t, r(t) x(t) + A d r(t) + A d t, r(t) x t -δ(t) + C r(t) u x η(t) , r(t) dt
on t ≥ , with initial data
where the time delay δ(t) is a Borel-measurable function with  ≤ δ(t) ≤ h for all t ≥  and for any i ∈ S,
unknown matrix functions F A (t) and F B (t) having Lebesgue-measurable elements and satisfying
and (.) are said to be admissible. We choose the controller of the form
with η(t) = [t/τ ]τ for t ≥ . Then the controlled system (.) becomes
dx(t) = A r(t) + A t, r(t) x(t) + A d r(t) + A d t, r(t) x t -δ(t) + C r(t) K r(t) x η(t) dt
System (.) is in fact a hybrid uncertain stochastic system with mixed bounded variable delays as follows:
dx(t) = A r(t) + A t, r(t) x(t) + A d r(t) + A d t, r(t) x t -δ(t)
where v = , , , . . . . It is easy to know that given any initial data r  ∈ S and
. Moreover, to achieve the mean-square exponential stability of system (.), we just need to prove that system (.) is exponentially stable in the mean-square sense due to the arbitrariness of integer v. So our study will mainly focus on system (.) in the rest of this paper. At the end of this section, let us introduce the basic definition, two useful lemmas (cf. [] ) and the Razumikhin-type theorem (cf.
[]) which are useful for further discussion.
is said to be robustly exponentially stable in the mean square if there is a positive constant λ >  such that, for any admissible uncertainties, the solution x(t) satisfies
Lemma . For any vectors u ∈ R q , v ∈ R l and a matrix M ∈ R q×l , the inequality 
and also for all t ≥ , 
Main results
Let us rewrite system (.) as
dx(t) = A r(t) + A t, r(t) + C r(t) K r(t) x(t)
+ A d r(t) + A d t, r(t) x t -δ(t) -C r(t) K r(t) x(t) -x t -ζ (t) dt + m k= B k r(t) + B k t, r(t) x(t) + B k d r(t) + B k d t, r(t) x t -δ(t) dw k (t) (  .  ) on t ≥ γ with x(t) -x t -ζ (t) = t t-ζ (t)
A r(s) + A s, r(s) x(s)
+ A d r(s) + A d s, r(s) x s -δ(s) + C r(s) K r(s) x s -ζ (s) ds + m k= t t-ζ (t) B k r(s) + B k s, r(s) x(s) + B k d r(s) + B k d s, r(s) x s -δ(s) dw k (s). For each t ≥ γ , define an operator (t, ·) : L  F t ([-γ , ]; R n ) → L  ( ; R n ) by (t, ϕ) = t t-ζ (t)
A r(s) + A s, r(s) ϕ(s -t) + A d r(s) + A d s, r(s) ϕ s -δ(s) -t + C r(s) K r(s) ϕ s -ζ (s) -t ds
valued stochastic process. Then we have
and hence system (.) can be further written as
dx(t) = A r(t) + A t, r(t) + C r(t) K r(t) x(t) + A d r(t) + A d t, r(t) x t -δ(t) -C r(t) K r(t) (t, x t ) dt
The following lemma gives an estimation for the operator , which is useful for the proof of our main results.
Lemma . Set
and define
Then the operator defined by (.) has the property that
Proof By Hölder's inequality and Doob's martingale inequality, we can derive from (.) that
A r(s) + A s, r(s) ϕ(s -t)
Sufficient conditions for robust exponential stability of hybrid uncertain stochastic delay system (.) are proposed as follows.
Theorem . Assume that there exist positive definite matrices Q i and positive numbers
are all negative-definite matrices. Set
(and of course λ < ). If τ is sufficiently small for
where q >  is the unique root to the following equation:
Proof The proof is an application of Razumikhin-type Theorem . with p = . Define
Obviously,
that is, (.) is satisfied with p = . In what follows, we need to show that
For this purpose, we compute LV (ϕ, t, i) as follows:
For the first term, we can, by (.) and Lemma ., derive that
By (.), (.) and Lemma ., the last term can be treated as
Substituting (.), (.) together into (.), we have
, applying Lemma . and combining (.) with (.) yield
From (.), we find that
which is the required inequality (.). The proof is therefore complete.
The following theorem provides the LMI method for designing the feedback controller based on discrete-time state observations such that the closed-loop system (.) is robustly exponentially stable in the mean square. 
i from left and then from right, and noting Q i = P - i , we see that the matrix inequalities (.) are equivalent to the following matrix inequalities:
which means the matrices in (.) are all negative-definite. So the required assertion follows directly from Theorem ..
From the above theorem we can see that, to design the robust controller, we should first find solutions for (.) and (.) and then obtain small τ from condition (.) after calculating all related quantities.
Remark
The discrete-time state feedback control in this paper is similar to sample-data control. In addition to state feedback control, sample-data control can also be applied to output feedback control and has been extensively used in the area of automatic control for deterministic differential systems (see, e.g., [, ]). In , Mao [] initiated the study on the mean-square exponential stabilization of continuous-time hybrid stochastic differential equations by feedback controls based on discrete-time state observations. By a new technique, we extend the theory to hybrid uncertain stochastic systems with timevarying delay. Further work will be done to develop the theory to solve the discrete-time state feedback stabilization problem for more general systems and obtain better bounds on the duration τ between two consecutive state observations.
An example
Consider a two-dimensional controlled hybrid uncertain stochastic differential equation with time-varying delay
dx(t) = A r(t) + A t, r(t) x(t) + A d r(t) + A d t, r(t) x t -δ(t) + C r(t) K r(t) x η(t) dt + B r(t) + B t, r(t) x(t) + B d r(t) + B d t, r(t) x t -δ(t) dw(t).
(.)
Here w(t) is a scalar Brownian motion and r(t) is a Markov chain on the state space S = {, } with the generator = -   - . 
A(t, r(t)), A d (t, r(t)), B(t, r(t)) and B d (t, r(t))

Conclusion
In this paper, we have showed that an unstable hybrid stochastic system with time-varying delay and norm-bounded uncertainties can be stabilized by the linear feedback control based on discrete-time state observations. By employing the Razumikhin method, the mean-square exponential stability criterion has been established, just requiring the timevarying delay be a bounded variable rather than a bounded differentiable function. The method for designing the robust controller has also been developed.
